We investigate coupling an encoded spin qubit to a microwave resonator via qubit energy level curvature versus gate voltage. This approach enables quantum non-demolition readout with strength of tens to hundred MHz all while the qubit stays at its full sweet-spot to charge noise, with zero dipole moment. A "dispersive-like" spin readout approach similar to circuit-QED but avoiding the Purcell effect is proposed. With the addition of gate voltage modulation, selective longitudinal readout and n-qubit entanglement-by-measurement are possible.
H tr g ⊥ (σ −â † + σ +â ). In the dispersive limit, the qubitresonator detuning ∆ is large and the resulting coupling (to leading order in g ⊥ /∆), H tr g 2 ⊥ ∆â †â σ z , commutes with the qubit Hamiltonian H q . Recent studies of the resonant exchange (RX) qubit [10] , based on a 3-electron triple quantum dot (TQD), have offered strong spin-cavity coupling, at a partial sweet spot to gate detuning fluctuations (see also Ref.11) .
This approach, however, has several drawbacks for electron spin QD qubits: first, for a finite e.d.m. the spin qubit is more susceptible to charge noise [10, [12] [13] [14] . Secondly, in higher orders of g ⊥ /∆, the transverse interaction no longer commutes with H q , dressing the qubit-resonator states and leading to enhanced qubit relaxation (Purcell effect) and dressed dephasing [15, 16] even if the resonator is coherently populated. These effects may increase for a spin qubit (relative to a transmon), since the former usually possesses a small dipole moment, and a trade off between charge noise (less e.d.m.) and a larger resonator photon flux (stronger measurement) may not exist.
In this Letter we propose, alternatively, a spin-to-SCresonator coupling, utilizing the TQD qubit energy curvature, ∂ 2 E q (V G )/∂V 2 G , with a gate voltage (Fig. 1a) . We find that a static, dispersive-like coupling H λ = λω r â +â + 
FIG. 1. (a)
A TQD always-on, exchange-only encoded qubit coupled to a microwave resonator, ω r , through the middle dot gate voltage, V m . Readout is accomplished either 1) via a "dispersive-like" interaction and driving the resonator (ε) in a manner similar to circuit-QED; or 2) via modulating V m near the resonator frequency, creating a longitudinal interaction. Photons put into the resonator are scattered off the (far off-resonant) spin-qubit and measured, e.g., via a homodyne signal, I m (t). (b) Qubit spin levels E 0,1 vs. gate voltage V m stay at a full-sweet-spot (at gate detunings ε 0 v , V 0 m , in yellow) during readout.
is applied near the resonator frequency, generating a spindependent "force" exerted on the resonator. Similar longitudinal coupling was explored in ion trap quantum gates [17] [18] [19] [20] , and was recently proposed by Kerman [21] and others [22] [23] [24] for SC qubits. The energy curvature can be appreciably large in a regime where e.d.m. is zero (Fig. 1b) , and the charge noise to the qubit is minimized (full-sweet-spot), previously referred to as the AEON qubit regime [25] . The curvature interactions commute with the qubit Hamiltonian, avoiding Purcell effect. Importantly, we show here that quantum measurements can be performed while each qubit is residing at its full sweet spot, with a measurement time of the order of tens of ns.
Dispersive-like and longitudinal curvature couplings.-We consider a TQD 3e-qubit coupled to a resonator via a voltage variation on the middle dot, V G = V 0 m +Ṽ m (t) +V r , with V 0 m at the full-sweet-spot;V r ∝ √ ω r (â + +â) is the resonator quantized voltage, andṼ m (t) is an external modulation, Fig. 1 . The Hamiltonian (including resonator driving and environment) is:
where H 0 = ω râ +â + H q ,â is a mode annihilation operator, and the couplings, H λ , H , derive from the qubit energy: 
The ratio η ≡ α c Z r /e 2 includes the middle dot coupling capacitances to the resonator and the ground (Fig. 1a) 
, and a ratio of the resonator impedance, Z r ω r L r R r , to the resistance quantum. Here, the zero-point fluctuation (for a resonator circuit, mass ↔ L r ) is ∆x 0 = e /e 2 2ω r L r , and a ratio of η 1 is possible for high kinetic inductance (L r 100 nH) resonators, reached in SC wires with disorder [26] .
By switching on a voltage modulationṼ m (t), a term ∝Ṽ mVr gives the longitudinal Hamiltonian: H = g σ z + g 0Î (â + a + ) with couplings modulated in time:
, is zeroed at sweet spot). In a frame rotating with ω m , the longitudinal couplings read:
TQD couplings estimations.-For a triple QD (TQD) 3-electron qubit, we are seeking a configuration where, ideally, the electric dipole moment is zero, avoiding both spurious transverse coupling, static longitudinal coupling, and also minimizing susceptibility to charge noise. In a recently established full-sweet-spot parameter regime [25] the relevant qubit states are made of the two bare (111)-states with spin projec-
with small admixture of the other charge configurations, like (201), (102), etc., Fig. 1b . Unlike the RX-regime [10, 27] , the Coulomb energy cost,Ũ i , for a double occupation of the i-th dot is large compared to the interdot tunnelings:Ũ i t l ,t r . Coupling the resonator through the middle dot, Fig. 1a , allows the sweetspot to remain largely intact (compare with Refs. [28, 29] ).
Introducing the independent energy detunings,
is the gate voltage applied to the i-th dot) the effective qubit Hamiltonian is recast to the form [10, 25] :
, with a l =Ũ 1 +Ũ 2 , a r =Ũ 2 +Ũ 3 . For coupling estimations, we consider: a l,r = a, t l,r = t, resulting in
For typical Si QD charging energies (see Refs. [27, 28, 30] ) U 1 = U 3 = U = 0.5 meV, and V 12 = V 23 = 0.1U, V 13 = 0.05U, tunneling t = 20(40) µeV, and modulation amplitudeṼ m = 0.1 meV one obtains a resonator frequency shift δω 10.3 MHz (δω = 41.4 MHz), a longitudinal couplingg 25 MHz (g = 100 MHz), and a qubit splitting E q = J 1 GHz (3.9 GHz), well off resonance with ω r /2π = 10 GHz. Since the scalings,
, a large range of parameters can be explored e.g., for slightly larger dots, U ≈ 0.4 meV, the couplings increase twice. Higher curvature corrections to δω,g are due to ∂ 4 E 0 q /∂V 4 m , and reach 5-15%. There appear also small non-linearities of the form, ζ 0 (â +â ) 2 , ζ (â +â ) 2 σ z , ζn(â +n +nâ) 2 σ z , that are Purcell free as well.
Qubit dephasing via the resonator relaxation-The qubit plus a SC resonator system is described via a Caldeira-Leggett master equation [31] (plus qubit relaxation and dephasing):
wherex ≡ ∆x 0 (â +â + ),p ≡ −i∆p 0 (â −â + ) are the "position" and "momentum" operators, and K d = (4), a coherent state remains coherent (pure) state. This is also preserved by continuous measurements of the resonator, (see Ref. [32] and references therein).
The qubit-resonator density matrix can be expanded in the complete set of qubit operators |s s | (s = ± for a single qubit): ρ = ∑ s,s ρ s,s |s s | where the partial matricesρ s,s act only on the resonator [33] . In this case it is sufficient to solve for the partial density matrices,ρ s,s , using positive P (+) -representation [34] . By making a Gaussian (coherent state) anzatzρ s,s (t) = ρ q ss (t) |α s (t) α s (t)| for the partial density matrices [35] one obtains the spin-dependent resonator oscillations under driving and modulation (in rotating wave approximation)α ± (t) = −i{ (ω r ± δω) − i
±g +g 0 }, whereω r = ω r − ω m , δω ≡ λω r . For the non-diagonal qubit density matrix one gets the solution:
where γ 2 ≡ 1/T 2 is the qubit internal dephasing, and the last two terms can be written in the long-time limit (t 1/κ) as a resonator-induced dephasing, e −Γ qb,res t , with Γ qb,res ≡ Γ λ + Γ . With the stationary solutions, α st ± = − ε+ e −iϕm 2 (±g +η 0 ) (ω r ±δω)−i κ 2 , one obtains (at resonanceω r = 0 and ϕ m = 0) the dispersivelike and longitudinal contributions to Γ qb,res :
One also obtains qubit frequency (ac Stark) shifts:
Longitudinal readout-The rate Γ qb,res can be interpreted as the maximal measurement rate of a qubit. Indeed, performing a homodyne measurement of the resonator , the measurement signal is [33] : I m (t) = β κ X φ + √ κξ(t) , whereX φ = a e −iφ +â + e iφ is the measured resonator quadrature, . . . ≡ Tr[ρ m . . .] is the quantum average (ρ m is the conditioned system density matrix), β and φ are respectively the strength and phase of the local oscillator (Fig. 1a) , and ξ(t) is the detector noise. In the "bad cavity limit" (when κ Γ qb,res ), the photon leakage out of the resonator is much faster than the qubit internal evolution, implying that homodyne measurement of the resonator field is a qubit measurement. In the stationary regime, for fixed qubit states |± , the average currents read
and the current signal can be expressed via the qubit (conditioned) density matrix ρ q m (t), with ∆I ≡ I + − I − :
The (single sided) current spectral density, S 0 , is related to the photon shot noise I 0 (t) β √ κξ(t) via: 
is the phase of the difference for the two resonator fields. Thus, the maximal measurement rate is:
which is equal to the dephasing rate, Γ qb,res = Γ λ + Γ , of Eqs. (6), (7) . For quadrature measurement with φ = φ dif one gets a rate Γ m = Γ max m cos 2 (φ − φ dif ) [see also Ref. [35] ]. The qubit density matrix at time t, given the measurement record I(t), will be updated via a quantum Bayesian rule [36] :
where
is the total probability of the "event" I(t), the measurement operators arê
2S 0 , and an additional unitary backaction is induced by the homodyne measurement [33, 35, 37] :Û I,z = e iI(t) ∆Imax 2 sin ∆φσ z t S 0 e −iφ 1 (t) . Measuring the quadrature with φ = φ dif eliminates this backaction (except the deterministic phasesφ 1 (t), see below) and leads to maximum information inferred from the qubit. The measurement operators,M I,z are derived from two requirements: (i) the qubit diagonal density matrix elements ρ m ++ (t), ρ m −− (t), are updated according to a classical Bayesian rule with likelihood probabilities P ± (I) = (
S 0 , obeying a quantum-classical correspondence [36] ; (ii) the evolution of the non-diagonal element obeys the rule:
, which follows from the saturation of the inequality |ρ i j | ≤ √ ρ ii ρ j j averaged over all possible records I(t) [36] . By differentiating Eq. (11) a stochastic evolution equation can be obtained.
n-qubit readout-Consider simultaneous measurement of n qubits coupled to a resonator. The basis spin states are of the form |s = | ↑↑ . . . ↓ . The n-qubit couplings G ,s and detunings δω s appear to be:
and δω s = s| ∑ j δω j σ ( j) z |s . With the solution ofα s (t) = −i{ (ω r + δω s ) − i κ 2 α s + ε + G ,s } one gets the average currents I s (φ) = βκ α st s e −iφ + α st * s e iφ and the accumulated phases ϕ s (t),φ s = Re[(ε + G ,s ) * α s (t)] for each state |s . The n-qubit measurement operator reads (Ω I,ĉ n ≡M I,ĉ n ·Û I,ĉ n ): (12) withĉ n (φ) = diag{I 1 (φ), . . ., I 2 n (φ)},φ n (t) = diag{ϕ 1 , . . ., ϕ 2 n } being diagonal operators. In Eq. (12) the "pure" measurement operatorMĉ n is in general form and is equivalent to a quantum Bayesian update of the n-qubit density matrix, whileÛĉ n is a unitary backaction derived using a "history tails" approach [37] . By averaging over all possible realizations of I(t) one obtains the ensemble evolution:ρ By performing a joint measurement of qubits by a single resonator one can entangle them without a direct qubit interaction [38] . In the simplest case of two qubits this is achieved provided the measurement cannot distinguish certain two-qubit subspaces [8, 9, [38] [39] [40] . Assuming equal couplings, λ 1 = λ 2 ,g ,1 =g ,2 (i.e. symmetric measurement), one gets I ↑↓ = I ↓↑ , a necessary condition for two-qubit entanglement by a joint measurement [38] . In the limit, κ δω,g the current differences are equal: I ↓↓ − I ↑↓ = −(I ↑↑ − I ↑↓ ) = 4βg sin φ, corresponding to a linear detector response which leads to an effective measurement of the total spin ( − → σ 1 + − → σ 2 ) 2 and probabilistic entanglement, e.g., to the spin-zero subspace, starting from any separable initial state [38] . By choosing the local oscillator phase φ = π/2 one can eliminate the additional unitary backaction, while maximizing the qubit response. For measurement rate estimation one considers the "bad cavity limit", when ω r κ Γ m , also requiring κ δω,g . With an external driving ε ≈ 20(15) MHz (at ω d = ω r ), no modulation, and for the parameters of ω r /2π = 5(10) GHz, η/ = 0.35(1.), tunneling t l,r = 40 (20) µeV, U charge = 0.32(0.5) meV, and loaded resonator Q-factor 1.25(2.5)10 2 , one gets: E q ≈ 6(1) GHz, δω = 5.2(10.3) MHz, and κ/2π = 40 MHz, thus obtaining Γ m /2π 4.7(7.4) MHz, average photon numbern ≈ 0.9(0.4), and a measurement time of τ m 34(21.3) ns. Similarly, with modulationṼ m = 0.1 meV (at ω m = ω r ) and no driving, for the parameters ω r /2π = 5(10) GHz, η/ = 0.35(1.), tunneling t l,r = 20 µeV, U charge = 0.4(0.5) meV, and Q = 10 2 , one gets: E q ≈ 1 GHz, δω = 0.6(10.3) MHz,g = 8.8(25) MHz, and κ/2π = 100 MHz, thus obtaining Γ m /2π 3.1(13.4) MHz, photon number of n ≈ 0.3(0.5), and a measurement time of τ m 50.8(11.8) ns, much smaller than typical T 2 of tens of µs [27, 28] .
Summary.-The proposed dispersive-like and longitudinal curvature couplings of a TQD spin-qubit to a SC resonator of tens to hundred MHz can be much larger than the transverse dispersive coupling g 2 ⊥ /∆ for a similar TQD system [10, 11] , which needs a large e.d.m. These couplings can be comparable to superconducting qubits [41] , allowing fast spin readout at tens of ns. As opposed to Jaynes-Cummings interaction, curvature couplings are Purcell free, admitting higher photon numbers and even shorter readout times. The curvature couplings allow for spin measurements at a sweet-spot [42] , with zero QDs' e.d.m. and minimized qubit dephasing, allowing for high readout efficiency. With the dispersive-like coupling λω r , a quantum-limited readout of individual qubits can be performed, as in CQED. On the other hand, in a regime where λω r g , and using the n-qubit measurement result Eq. (12), it is possible to utilize designated resonator(s) that selectively couple to a number of spin-qubits, which could be a viable route to generate spin entanglement within a cluster of qubits, and to create medium range spin entanglement across chip, which can be a resource in quantum computations [43] .
